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Abstract. We consider a non-compact Riemannian periodic manifold such 
that the corresponding Laplacian has a spectral gap. By continuously perturb- 
■ ing the periodic metric locally we can prove the existence of eigenvalues in a 

| gap. A lower bound on the number of eigenvalue branches crossing a fixed level 

is established in terms of a discrete eigenvalue problem. Furthermore, we dis- 
cuss examples of perturbations leading to infinitely many eigenvalue branches 
coming from above resp. finitely many branches coming from below. 



o 



1. Introduction 

oo : 

A periodic manifold is a (non-compact) Riemannian manifold Ai with metric g 
such that a finitely generated Abelian group T acts properly discontinuously and 
isometrically on Ai. Furthermore, we assume that the quotient Ai/T is compact. 
We call the closure of a fundamental domain a period cell. We suppose that the 
Laplacian Am on At has a spectral gap I = (a, b) in the (essential) spectrum, 
P.! i.e., 

,g ; in spec A M = 

where a > inf ess spec Am . We prove that a local perturbation of the periodic 
structure leads to eigenvalues in the gap for large deformation parameters r. 
More precisely, we perturb the periodic metric g smoothly, starting from g = go 
^ ■ and we denote the manifold Ai with perturbed metric g T by Ai T . Furthermore, 

we assume that g T and its first derivatives depend continuously on r and that 
the perturbation is (essentially) contained in the compact set M m . Here, M m 
denotes a finite number of copies of a period cell M of Ai. Later on we allow 
perturbations Ai T diffeomorphic to Ai (see Section ||) or even some cases when 
the perturbation changes the topology of Ai (see Section ^). 

Donnelly |Do2| | and Li |E| proved the existence of eigenvalues below the es- 



sential spectrum of the Laplacian on the simply connected, complete, hyperbolic 
plane by a local perturbation of the manifold. The methods employed there use 
separation of variables. Therefore the ideas cannot be generalized to our case. 
Furthermore the Min-max principle applies, since the eigenvalues lie below the 
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essential spectrum. Note also the introductory article |H]] concerning results on 
the spectral theory of hyperbolic manifolds. 

In general, it is much more difficult to prove the existence of eigenvalues in 
a spectral gap. Such problems have been extensively studied in the case of 
Schrodinger or divergence type operators with a spectral gap (see e.g. |PH|| , 



[ XDH[ , |[AADfJ|| or pE| ). The school of Birman (see e.g. |BJ or |§ and ref- 



erences given therein) obtained a vast number of results on the asymptotics of 
eigenvalue counting functions using the Birman-Schwinger principle. This prin- 
ciple does not apply to our case since the perturbation is not additive. General 
results on perturbation of point spectra can be found in [[Kj or IRS 4 . 



From a physical point of view the Laplacian on a periodic manifold is the 



Hamiltonian of an electron confined to a periodically curved material, cf. [ |FH 



or |M |. For example, consider a flat small strip in M 2 (i.e., a quantum wire or 



quantum wave guide) which is periodically curved. If the strip is thin enough, 
there exist gaps in the spectrum of the Dirichlet Laplacian (cf. ||ES|| and 0). 
The local perturbation of the periodic structure leads to bound states (i.e. square 
integrable eigenfunctions) in a spectral gap. Physically, the perturbation corre- 
sponds to local impurities coming from contamination, e.g., in a semi-conductor. 
In particular, we show that local deformations of a periodically curved quantum 
wire produce bound states with energy in a spectral gap of the Hamiltonian of 
the non-perturbed quantum wire (see Proposition ||). 

Assumptions. The main assumption on the periodic manifold M. resp. the pe- 
riod cell M is the following. Let Aj?(M) and Aj^(M) denote the eigenvalues (writ- 
ten in increasing order and repeated according to multiplicity) of the Laplacian 
on the period cell M with Dirichlet resp. Neumann boundary condition on DM. 
Note that we always have A^(M) < Aj?(M) in virtue of the Min-max principle 
(see the next section for details). We assume that the following gap condition is 
fulfilled: 

3 A; GN: I k := (A°(M), A* +1 (M)) ^ 0, (1.1) 

i.e., A^(M) < A^ +1 (M) for some k. From Floquet theory and the Min-max 
principle it follows that Ik lies in a spectral gap for the Laplacian on A4. Note that 
Ik could be strictly contained in a spectral gap. The gap condition ( |1.1| ) is fulfilled 



if the period cell decouples from its translates, i.e., if the junctions between 
different period cells are small in some sense. Recall that the gap condition is 
not satisfied for Ai =M. d with the standard metric. In this case, we always have 
A°(M) > A^ +1 (M). In Section^ we give examples of periodic manifolds with an 
arbitrary (finite) number of gaps that were obtained in |[F2|1 and M. 
If r" denotes a subset of the Abelian group T we set 

T'M := (J 7 M, 

7er' 
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in particular, TM = M.. Consider a sequence (T n ) of subsets of T such that T n 
has n elements. We assume that T n / V and set M n := T n M, R m := (T \ T m )M 
and R m ' n := (T n \ T m )M. As for M T we denote by M n T resp. R™> n the manifold 
M n resp. _R m > n with perturbed metric g T . 

The assumptions on the family (g T ) of perturbed metrics on Ai are the follow- 
ing: 

g = g onM (1.2) 
HflV - g-nWc^ ^0 on M as r -> r (1.3) 
g T = g on R m , r > (1.4) 

for all To > and sufficiently large m e N. The C 1 -norm of a metric is de- 
fined in ( |3.2|) . Furthermore, if dM is smooth we can also allow non-compact 
perturbations which are small outside M m , i.e., 

sup \\g T — goWc 1 ^0 on R m as m ^ oo. (1-4') 

T>0 

Note that dM is smooth iff dR m is smooth. 

Assumption (|1.2p assures that we start from the periodic manifold. Assump- 
tion ( |1.3|) guarantees the continuous dependence of the metric and its first deriva- 
tives on r. In particular, eigenvalues on the approximating problem M" depend 
continuously on r (cf. Corollary p.lOj ), and the norm resp. weak topologies of the 
corresponding Hilbert spaces do not depend on r (cf. Corollary |3.9|) . Note that we 
only need to control the metric up to its first derivatives since no higher derivative 
of the metric occurs in the coefficients of the Laplacian, cf. Equation ( p.l|) . 

Finally, Assumption ( |1.4| ) resp. (|1.4f ) says that the support of the perturbation 



is contained in the compact set M m resp. is small outside the compact set M m . 
In particular, one can prove a decomposition principle for non-compact perturba- 
tions, i.e., the invariance of the essential spectrum under such perturbations (see 
Theorem |4.1| ). With other words, the essential spectrum reflects the geometry at 
infinity. In our situation, the decomposition principle assures that the spectral 
gaps of A_m remain spectral gaps in the essential spectrum of A_m t for all r > 0. 
Only discrete eigenvalues (possibly accumulating at the band-edges of spec A^) 
can appear in the spectral gaps. 

Main result. To count the number of eigenvalues A (with multiplicity) of the 
family Am t , , < r' < r, we define 

A/"(r,A):= dimker(A A4T/ - A). (1.5) 

0<t'<t 

Note the difference to the ordinary eigenvalue counting function 

dim^(M) := dimker(A° - A) 
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that counts the eigenvalues in the Borel subset I C M + of the Dirichlet Laplacian 
on M; similarly, dinij (M) denotes the number of eigenvalues in I of the Neumann 
Laplacian. As an abbreviation, we set dim A (M) := dimjjj A j(M). 
Our main result is the following: 

Theorem 1.1. Let A G Ik belong to a spectral gap of A^ then 

M(t, A) > dim°(M T m ) - dim°(M m ) (1.6) 
J\f(r, A) > dim^(M m ) - dim^M™) (1.7) 

for all t > and sufficiently large m G N. 

Note that Theorem |1.1| reduces the eigenvalue problem on the non-compact 
manifold M. to one on the compact manifold M m . Therefore, we can apply the 
Min-max principle ( [2.2|) to assure the existence of eigenfunctions of the perturbed 
problem on M™. 

In a semi-classical picture, the number of bound states for high energy levels 
is approximately given by the phase space volume associated with the classical 
energy of the quantum system. The classical Hamiltonian on a (^-dimensional 
Riemannian manifold X corresponding to Ax is given by h(x,p) := g^.{p,p) 
where g* denotes the metric on the cotangent bundle T*X and p G T*X. The 
Hamiltonian h determines a region in the phase space T*X in which a classical 
particle with given energy is allowed to move. The uncertainty principle, however, 
demands that each bound state requires a cube of volume (27r) d in phase space, 
and therefore the total number of bound states is approximately equal to the 
phase space volume divided by (27r) d (see [ |K.S4| ) . Indeed, the Weyl asymptotic 
distribution of the (Dirichlet or Neumann) eigenvalues of the Laplacian on X is 
given by 

dim A (X)--^-Ai vol(X)=0(A^), A^oo (1.8) 

where is the volume of the unit ball in M. d (see e.g. ||S V|| ). Since we expect that 
the bound states are localized on the perturbed manifold M m we anticipate that 

(2vr) c 

is a lower bound for the eigenvalue counting function ( |1.5|) . However, note that 
0(X^2~) in flOD depends on the manifold M m . Nevertheless in our examples in 
Sections and [7| we show that an infinite number of eigenvalue branches crosses 
the level A from above if the volume of M™ increases. In contrast, if we decrease 
the volume of M™, only a finite number of eigenvalue branches cross the level A 
from below. Here, by an eigenvalue branch we mean an eigenvalue of (one of) 
the perturbed manifold(s) viewed as a function depending on the perturbation 
parameter r. 

Under the assumptions given above it is not possible to obtain an upper bound 
on the function J\f(r, A). Since the dependence on r is not supposed to be analytic 



-A2|vol(M m ) - vol(M™)| (1.9) 
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in Assumption ( |1.3| ), we could consider a family of metrics (g T ) which is constant 
near r . If A is an eigenvalue of Am tq , then M(tq, A) = oo. 

Nevertheless, the examples in Sections ^| and [7] in which the eigenvalue branches 
of the problem on M™ are monotonical should be good candidates where an upper 
bound on the counting function J\f(r,\) in terms of Idim^M™) — dim^(M m )| 
holds (cf. Remarks |6.1| , |6.3| and [7.3| ). Under suitable further conditions one should 
have to assure that the eigenvalue branches (in the gap) of the full problem A4 T 
are strictly monotonical. Note that — in contrast to the approximating problem 
on M™ — the monotonicity of the eigenvalue branches of the full problem A4 T 
cannot be shown by the Min-max principle since the gap lies above the infimum 
of the essential spectrum. 

Note furthermore that the counting function defined above could be much 
greater than the spectral flow of the family (A Mt ) at A defined as the difference 
of the eigenvalue branches crossing the level A from above and below (cf. e.g. |5a|). 
Think for example of an eigenvalue branch which oscillates around A. 



In [pH|| or |[ADH|| ) a family (Ay^ r ) is called complete if for each A > there 
exists r > such that A G specAy^ T . Note that all our examples given in 
Sections ^ and [7] are complete in this sense (in Proposition |6] we have to perturb 
at least m = 2 period cells to ensure that A/"(t, A) > 1 for r large enough). 



For the proof of Theorem |1.1| we cannot directly apply the Min-max prin- 
ciple since we consider eigenvalues inside a spectral gap. Therefore, we adopt 
the following idea given in |PH|| , ||ADH|| , ||AADH|| or ||HB|| to our situation: we 
show that the eigenf unctions of the full problem on M. can be approximated by 
eigenfunctions of an approximating problem on M n (cf. Theorem [O] and The- 
orem |4.5| ). Our situation differs from the case given in the papers mentioned 
above: in some sense it is more complicated since we deal with different Hilbert 
spaces L2(Ai T ) for each r. On the other hand, our situation is simpler since there 
are no extra eigenvalues in the gap coming from the boundary conditions on the 
approximating problem (cf. Lemma |4~2] ) . 

The paper is organized as follows: In Section ^| we provide some notation 
and basic results on Laplacians and periodic manifolds. In Section |3| we develop 
elliptic estimates needed for the proof of Theorem [O] given in Section |j. In 
Section |5] we recall examples of periodic manifolds with spectral gaps. Finally, in 
Sections ^| and [F] we present examples of diffeomorphic and non-homeomorphic 
perturbations leading to eigenvalues. 



2. Preliminaries 

Laplacian on a manifold. Throughout this article we study manifolds of di- 
mension d > 2. For a Riemannian manifold M (compact or not) without bound- 
ary we denote by L 2 (M) the usual L 2 -space of square integrable functions on 
M with respect to the volume measure on M. In a chart, the volume measure 
has the density (detg)a with respect to the Lebesgue measure, where detg is the 
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determinant of the metric tensor (g^) in this chart. The norm of L 2 (M) will be 
denoted by ||-||m- For u G C^°(M), the space of compactly supported smooth 
functions, we set 

q M {u) := HdullS, = / \du\ 2 . 

J M 

Here the 1-form du denotes the exterior derivative of u given in coordinates by 
\du\ 2 = j g^diU djii where (g 1 ^) is the inverse matrix of (gij)- 

We denote the closure of the non-negative quadratic form q M by qu- Note that 
the domain dom qM of the closed quadratic form qM consists of functions in L 2 (M) 
such that the weak derivative du is also square integrable (i.e., quiu) < oo). 

We define the Laplacian Am (for a manifold without boundary) as the unique 
self-adjoint and non-negative operator associated with the closed quadratic form 
qM, i.e., operator and quadratic form are related by 

Qm(u) = (A M u,u) 

for u G C£°(M) (for details on quadratic forms see e.g. |K], Chapter VI], ||RS1|| or 



). Therefore, the Laplacian for smooth functions u is given in a chart by 

A M u = -(det£)-^d;((det£)V J ^)- (2.1) 



If M is a complete manifold with piecewise smooth boundary dM ^ we can 
define the Laplacian with Dirichlet resp. Neumann boundary condition in the 
same way. Here, we start from the (closure of the) quadratic form qM defined 
on C£°(M), the space of smooth functions with compact support away from the 
boundary, resp. on the subspace of C°°(M) with \\u\\ 2 M and qM^u) finite. Here, 
C°°(M) denotes the space of smooth functions with derivatives continuous up 
to the boundary of M. We denote the closure of the quadratic form by q M 
resp. q M and the corresponding self-adjoint operator by A M resp. . If we are 
only interested in the differential expression of the Laplacian, we suppress the 
boundary condition label. If dM can be split into two disjoint closed sets d\M 
and d?M we define the Laplacian with mixed boundary conditions,, i.e., Dirichlet 
boundary condition on d\M and Neumann boundary condition on diM in the 
obvious way. 

If M is compact the spectrum of Am (with any boundary condition if dM ^ 0) 
is purely discrete. Note that we always assume that dM is piecewise smooth. 
We denote the corresponding eigenvalues by X k (M), k G N, (resp. A^(M) or 
Aj^(M) in the Dirichlet or Neumann case) written in increasing order and repeated 
according to multiplicity. The corresponding eigenfunctions are C°°(M) up to 
the boundary. With this eigenvalue ordering, we can state the Min-max principle 
(for this version of the Min-max principle see e.g. [Pal). The k-th eigenvalue of 
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can be expressed by 

A°(M)=inf sup ^ (2.2) 

L k u£L k ,u^0 \\U\\ 

where the infimum is taken over all /c-dimensional subspaces L*. of domg]^. Sim- 
ilar results hold for Neumann or other boundary conditions. 

Suppose now that M = Mi U M 2 such that M% and M 2 have piecewise smooth 
boundary and that Mi DM 2 has measure 0. Denote by X^(MiUM 2 ) the eigenval- 
ues of the quadratic form ©gj^ and similarly for Dirichlet boundary condition. 
Then the Min-max principle implies 

(MiUM 2 ) < Ajf(M) < A°(M) < Aj?(MiUM 2 ) (2.3) 

for all A; G N since the opposite inclusions hold for the corresponding quadratic 
form domains. This estimate is called Dirichlet-Neumann bracketing. 

Periodic manifolds and Floquet Theory. Let T be an Abelian group of infi- 
nite order with r generators and neutral element 1. Such groups are isomorphic 

to Z r ° X Zp\ x • • • X Z r p a a with r > and r + h r a = r. Here, Z p denotes the 

Abelian group of order p. A <i-dimensional (non-compact) Riemannian manifold 
Ai will be called periodic (or covering manifold) if T acts properly discontin- 
uously, isometrically and cocompactly on Ai. Cocompactness means that the 
quotient space Ai/T is compact. Note that the quotient space is a ci-dimensional 
compact Riemannian manifold and that the quotient map tt: M. — > Ai/T is a 
local isometry. The metric turning the manifold Ai into a periodic one will also 
be called periodic. For details on periodic manifolds see e.g. ||C2| . 



A compact subset M of Ai is called a period cell if M is the closure of a 
fundamental domain D, i.e., M = D, D is open and connected, D is disjoint 
from any translate 7-D for all 7 G T, 7 ^ 1, and the union of all translates 7M is 
equal to Ai. Furthermore we assume that M has piecewise smooth boundary. 

Floquet theory allows us to analyse the spectrum of the Laplacian on Ai by 
analysing the spectra of Laplacians with quasi-periodic boundary condition on a 
period cell M. In order to do this, we define ^-periodic boundary condition. Let 
6 be an element of the dual group T = Hom(r, T 1 ) of T, which is isomorphic to a 
closed subgroup of the r-dimensional torus T r = {8 e C; \9i\ = 1 for alii}. We 
denote by q e M the closure of the quadratic form q M defined on the space of those 
functions u € C°°(M) that satisfy 



u(jx) = 0(7) u(x) 

for all x G DM and all 7 G T such that 7X G DM. The corresponding operator 
is denoted by A e M . Again, A M has purely discrete spectrum denoted by \ 6 k {M). 
The eigenvalues depend continuously on 6 (see ||RS4| | or | |BJK| |). From Floquet 
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theory we obtain 

spec A M = |J spec = (J B k (M) 
eet keN 

where B k = Bf.(A4) = {X k (M); 6 G f } is a compact interval, called the k-th 
band (see e.g. |[RS4|| , [ppl]| ) or |[BrS|| . Note that we have the following Dirichlet- 
Neumann enclosure 

A?(M) < Aj(M) < A?(M) (2.4) 

which follows easily from the opposite inclusions of the corresponding quadratic 
form domains via the Min-max principle. Therefore, the k-th Dirichlet resp. Neu- 
mann eigenvalue are an upper resp. lower bound for the k-th band. In particular, 
if the interval Ik defined in ( |1 . 1| ) is non-empty, it lies in a spectral gap of Am- 
In general, we do not know whether the intervals Ik are empty or not. In many 
cases, the Dirichlet-Neumann enclosure is too rough to guarantee the gap condi- 
tion ( |1.1|) . Nevertheless, in Section || we cite examples where the gap condition 
holds. 

3. Elliptic estimates and perturbations of the metric 

First, we construct an atlas of A4 adapted to the periodic structure. This 
enables us to define a "natural" norm on the Sobolev space on the non-compact 
periodic manifold A4. A more general concept requires only bounds on the Ricci 
curvature instead of the periodicity (cf. e.g. |[He|| ). Next, we need some ellip- 
tic estimates. These estimates are used to obtain estimates in which different 
Laplacians (defined with respect to different metrics) occur. 

Periodic atlases and Sobolev spaces. Suppose that (Up), (3 G B, is a finite 
cover of M./T and that tpp\ Up — > Vp are charts with open sets Vp C M, d . We 
assume that all transition maps fifrO<p~p 2 (when defined) have bounded derivatives 
up to all orders. We can lift this atlas of the quotient to an atlas (p a : U a — > V a , 
a := (/3,j) G A := B x T of the periodic manifold A4, i.e., <pp o n = <p a , 

U(p,~f) = 7^(/3,i) an d = K«- We call such an atlas A periodic. 

If we consider T'M instead of the full periodic manifold TM = M. we set 
V' a := Lp Q (U a n T'M) which is an open set in := [0, oo) x Note that if 

T' 7^ T then T'M has non-empty boundary being isometric to (copies of) dM. We 
also call the atlas A' := B x V of T'M with charts ip a : U a D T'M —> V' a periodic. 

If gp denotes the metric of A4/T carried via the chart tpp on Vp and g a the 
periodic metric g of M. carried via (p a on V a = Vp then gp = g a for all 7 G T, 
i.e., the set of different metrics { g a | a G A} has only \B\ < 00 many elements 
although A is not finite. 

In the same way we can lift a partition of unity (xp) subordinated to the cover 
(Up) to a partition of unity (ip a ) subordinated to (U a ), i.e., we have xp o ir = Xa- 
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We call such a partition of unity periodic. Again, the set of different functions 
{Xa° fa 1 \a E A} is finite. 



The next definitions are useful for the elliptic estimate in Theorem p3 . 

Definition 3.1. A metric h on T'M (not necessarily periodic) will be called uni- 
formly elliptic (with respect to the atlas A') if there exists a constant c > such 
that 

c _1 M 2 < h a (x)(v, v) < c\v\ 2 (3.1) 

for all v G M. d , all x G V' a and all a G A'. We will also write c _1 < h < c for short. 

Next, we define a norm on the space of C 1 -sections in the bundle of symmetric 
bilinear sections on T'M. A Riemannian metric is an element of this space. 

Definition 3.2. A metric h will be called ^-bounded on T'M (with respect to 
the atlas A') if 

\\h\\ c i := sup \\h a \\ c i : = sup sup max{|/i ajii (a;)|, \d k h a>ij (x)\} (3.2) 

is finite. 

We let Q(c, ci, T') be the space of all uniformly elliptic and C 1 -bounded metrics 
h on T'M such that c _1 < h < c and < C\. 

Remark 3.3. Note that the atlas can always be chosen in such a way that a 
periodic metric g on M. is uniformly elliptic and C7 1 -bounded. If necessary we 
slightly need to make the charts smaller such that g a has derivatives continuous 
up to the boundary of V a . In the same way, any metric h on T'M is uniformly 
elliptic if I"" is finite. 

Remark 3.4. It seems to be unsatisfactory that our definitions depend on the 
atlas A'. We also could define the uniform ellipticity in a coordinate free manner 
by comparing a metric h with the periodic metric g globally. Likewise, we could 
define the C 1 -boundedness in a global way by defining how to derivative a metric. 
But since we have chosen a periodic atlas one can easily see that the local and 
global definitions are equivalent. For a similar concept of C 1 -convergence of 
manifolds see e.g. |[He| . 



For k G N and an open set V C let TC k (V') be the usual Sobolev space of 
order k defined as the closure of C°°(V') under the norm 

IMIlty := II^k^IIv''- 

|re|<& 

We define the Sobolev space Ti k {Y'M) on T'M as the closure of the space of all 
functions u G C°°(Y'M) such that 



\ U \\kT'M 



ii^Hm^ ( 3 - 3 ) 
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is finite. Here, u a := (XaU) ° denotes the local representation of x a u in the 
chart (p a . We denote by H k (Y'M) the completion of C™(Y'M), i.e., the space 
of smooth functions with compact support away from dY'M, under the norm 
defined in (|3.3| ). 

Since the periodic metric g is uniformly elliptic, we conclude 

c- d/4 \\u\\ T , M < ||u||o,iym = II M «H^ ^ c +d ' A \B\{2r + 1) |M|rw, (3.4) 

a 

i-e., IHIr'M and ||-||o,rw are equivalent norms. Remember that r denotes the 
number of generators of Y. Note that a chart U a could intersect with at most 
|-B|(2r+ 1) other charts. In the same way we can show that (||m|| 2 + ||du|| 2 )2 and 
||w||i,rw are equivalent norms on H}(Y'M). In particular, we have n}{Y'M) = 
dom q^, M and H}{Y'M) = dom q^, M . 

Elliptic estimates. The main result of this subsection is the following theorem: 

Theorem 3.5. For every c > 0, c\ > and d > there exists a constant c 2 such 
that 

\\uh,u < c 2 (Ikllr'A/ + ||A'tt|| r / M ) (3.5) 

for all u G 7i 2 (U), all metrics g' G Q(c, ci,V), all open sets U C Y'M such that 
dist(U, dT'M) > d and all fcT. Here, A' denotes the Laplacian on Y'M with 
respect to the metric g' . 

If dM is smooth Estimate (^) is valid for U = Y'M, all u G H 2 {Y'M) n 
y}{Y'M) ; all metrics g' G Q(c, c u Y') and all Y' C Y. 

Proof. The proof of the statement in the chart V' a is standard (see e.g. ||GiT|| ). 
The step from the local to the global estimate is possible since the constant in the 
local estimate has a global bound. Here, we need Estimate Q3.4p and therefore 
the special structure of the atlas and the partition of unity (Xa)- Furthermore, 
we have to estimate the first order operators [A', Xa] in terms of the right hand 
side of ( |3.5|) . This can be done applying the GauB-Green formula. Note that u 
vanishes on the boundary. □ 

The proof of the next lemma is straightforward. Again, we need (|3.4j ) for the 
step from the local to the global estimate. 

Lemma 3.6. There exists a constant C3 > such that 

|| Ajy«tt|| M m ^ C3 ||w||2,M m 

for all u G H 2 (M n ) and all m, n with n > m. Suppose further that g T , t > 0, are 
metrics on M. such that ||g — gAlc 1 ~ * on R m < n as m — >• 00 (n > m) uniformly 
in t > 0. Then there exists a sequence S' m — > such that 

||(AjVf« — A A ,/n)'u|| i? m,n < S' m \ \ U \ | 2,R m ' n 

for all u G 7i 2 (K m,n ), all r > and all m, n with n > m. 
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Let m + be the smallest integer such that M m C M m+ . Now we prove the 
estimates needed in the next section: 



Lemma 3.7. Let the family (g T ) satisfy Conditions (1.2) and (|1.3|) . Suppose 



further that r n — > r > 0. T/ien i/iere exists a constant C4 > stzc/i £/iai 

||Aj W -™m||m'" < C4 (||w||M m + + ||AM« n w||M ro +) (3-6) 

for all u G 7i 2 (M n ) and all m,n with n > m + . Furthermore if in addition dM 
is smooth and if Condition (|1.4'|) is satisfied then there exists a sequence 5 m — ► 
suc/i that 

|| (Am™ — ^M^ n ) u \\R m > n < $m (\\u\\r™,™ + \\AM" n U\\Rm,n) (3.7) 
for all u G 7Y 2 (i? m ' n ) D ii l {R m,n ) and all m, n with n > m and m large enough. 



Proof. For the proof of ( |3.6| ) we combine Lemma p.6| with Theorem [3.5| . Here 
we need a cut-off function \ ^ C^°(M m+ ) such that x t ^ m = !• There- 
fore dist(supp Xi dM m ) = d > 0, i.e., we do not need the assumption that 
dM is smooth in this case. By Remark |3.3| , there exist c, c\ > such that 
g T0 G Q(c, ci,r m +). Furthermore, Condition ( |1.3| ) assures that there exist con- 
stants c',c[ > such that g Tn G G(c', c[, T m +) for all n G N. Note that we still 
have to estimate the first order operator [%, A^n ] in term of the right hand 
side of ( |3.6|) as in the proof of Theorem |3.5| . Here we also need the fact that 
g Tn GS(c',ci,r™+). 



The proof of (|3.7|) is similar. Note that g Tn , n G N, are close to the periodic 



metric g = goby Condition ( 1.4' ) on _R m > n provided m is large enough. Since the 
periodic metric g is uniformly elliptic, there exist constants c, c\ > such that 
g Tn G £(c, ci, T n \ T m ) for all n > m. □ 

Perturbation of the metric. Here, we state some results on how to deal with 
the different Hilbert spaces L 2 (A^ T ) resp. H}(M. T ) depending on r. In partic- 
ular, we show that the norm and weak topology on L 2 (Ai T ) resp. H}(M. T ) are 
equivalent for all r > 0; the same is true on the submanifolds T'M (cf. Corol- 
lary |3.9|) . Furthermore, we need the continuity of the eigenvalues with respect to 
r, see Corollary |3.10| and Lemma |3.11| . 

Lemma 3.8. Suppose that the family (g T ) satisfies Condition (|1.3j). Suppose 
furthermore that r n — ► r > 0. Then there exists a sequence r] n — > such that 

\\W\\m t - NImJ < Vu\\u\\ 2 Mt (3.8) 



\M T -\\du\\ 2 M J< nn \\du\\ 2 Mr (3.9) 
for allu G L 2 (M) resp. u G 1-t l (M). 
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Proof. We only give the idea of how to prove (|3.9| ) . The other inequality can be 
proven similarly. We have 



\du\ — / |dw| 

Mr JMr n 



,[(E-(^^) l GlG-l n Gl)G- a hu ■ G^W)(detGyi 



Here, G a resp. G a}U denotes the matrix corresponding to g T resp. g Tn in the 
chart indexed by a. Furthermore, E denotes the unit (d x d)-matrix. Clearly, 
Estimate (fl9|) follows from Condition (11.31). □ 



The next corollary follows easily. 
Corollary 3.9. For all r > there exists a constants C5 = Ch(t q ) > 1 such that 

C5- 1 \H 2 Mo < \\u\\ 2 Mt < c 5 \\u\\ 2 Mo (3.10) 
1 \\M\m < \\M\ 2 Mt < c 5 \\du\\ 2 Mo (3.11) 

for all < t < tq . 



From Lemma [3.8| and the Min-max principle we conclude the following corol- 
lary. 

Corollary 3.10. The eigenvalue branch r i— > A^(M") is continuous for r > 0. 
In particular, for every tq > i/iere exist a modul of continuity for the eigen- 
value branch on [0,To], i.e. a non-negative monotonical increasing function rj with 
r](5) — > as 5 — > s«c/i that 

\^(M n T )-X^(Mr')\<v(\r-r'\) 

for all r, t' G [0, To]. 

In the same way we can show that the boundary conditions on i?™' n have nearly 
no influence: 

Lemma 3.11. Suppose that the family (g T ) of metrics satisfies Condition ( |1.4'|) . 
Then there exists a sequence r] m — > as m — > 00 such that 

|A?W n )-A?(i2 m ' n )|<r/ m 

for all t > and n > m. The same estimate is true for Neumann or mixed 
boundary conditions on R m,n . 

4. Eigenvalues in Gaps 



In this section we prove our main result Theorem |1.1| . We approximate eigen- 
functions of the perturbed Laplacian on the full manifold Ai by eigenf unctions of 
the perturbed Dirichlet-Laplacian on the approximating manifold M n . This idea 
has already been used in [ 1DHJ , [ |ADU| ] or | |AADH| |. Our situation is in some sense 
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simpler: the approximating and the limit problem have the same spectral gap. 
Otherwise our situation is more difficult since not only the Laplacian but also 
the Hilbert space depend on the perturbation parameter. Some of the technical 
details are already proven in Section ||. 

In Theorem [4.3| we show the convergence of the approximating eigenfunctions. 
Furthermore, in Theorem fO we give a lower bound on the eigenvalue counting 



function defined in ( |1.5| ) following arguments of [HE ]. 



Firstly, we use the decomposition principle (see ||DoL| ) to prove that the essen- 
tial spectrum remains invariant under the perturbation. Therefore, A^ and Am t 
have the same spectral gap. In a spectral gap of the unperturbed Laplacian, the 
perturbed Laplacian can only have discrete eigenvalues (possibly accumulating 
at the band edges). It is essential here that the perturbation is (almost) localized 
on a compact set. 

Theorem 4.1. We have ess spec Am = ess spec Am t for all t > 0. 

Proof. We only show the inclusion "c" since the opposite inclusion can be proven 
in the same way. 

Let (u n ) be a singular sequence for A G ess spec Am, i-e., u n — > weakly in 
L2{-M), \\u n \\M = 1 and ||(A^ — A)-u n ||x — > as n — > oo. By the decomposition 
principle (cf. ||DoLfl or ||P 1|| ) we can assume that u n has support away from M m . 
Furthermore, by Corollary pT9| there exists C5 > such that ||M n ||x T > c^ 1 for all 
n. 

Now we want to show that v n := ■u n /||w n ||.yw T is a singular sequence for A and 
A Mt - Clearly, v n — > weakly in L 2 (M. T ). Since u n \ M m = we have 

II (Am. - X)v n \\ M r < c 5 (II(Am t - A M )u n \\ R m + \\{A M - ^)u n \\ R m) 

< S m C 5 (\\u n \\ R m + \\A M U n \\ Rm ) + C 5 \\(A M - A)M n || jR m 



by an estimate similar to ( ft.7| ). Here, 5 m — > as m — > 00. Note that we do 
not need the smoothness of dM here even if the perturbation lives on the whole 
manifold since suppw ra is compactly contained in R m . Therefore the first term 
converges to 0. The last term converges to since [u n ) is a singular sequence for 
A M - □ 

Next, we conclude from the gap condition ( |1 . 1|) and the Dirichlet-Neumann 
enclosure fl2.4|) that no eigenvalue of the approximating problem lies in the gap. 
The boundary of M resp. Y'M is so small such that boundary conditions almost 
have no influence on the eigenvalues. 

Lemma 4.2. Suppose that V has n elements. If Aj?(M) < A^ +1 (M) then the 
interval Ik = (Aj?(M), A^ +1 (M)) is a common spectral gap, i.e., 

Ik H spec Am = and 1^ fl spec A^m = 0- (4.1) 
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Here, A^>m denotes the Laplacian on T'M with Neumann, Dirichlet or mixed 
boundary condition on dT'M . Furthermore, if A G Ik then dim^r'M) = kn (also 
for any boundary condition). 

Proof. Denote by S n M the disjoint union of n copies of M. Then A°(E n M) = 
Aj?(M) and A^(£ n M) = Aj?(M) for all j = (k - l)n+ 1, . . . , kn since every eigen- 
value on the disjoint union has multiplicity pn if the corresponding eigenvalue on 
M has multiplicity p. By the Dirichlet-Neumann bracketing Q2.3| ) we obtain 

A]*(M) = Xf(E n M) < XjiT'M) < A°(S n M) = A°(M). 

Note that this estimate is true for any boundary condition on T'M. Together 
with the Dirichlet-Neumann enclosure (|2.4j ) we see that A^(M) resp. Aj?(M) are 
lower resp. upper bounds for both Xj(T'M) and \ e k (M). If A G Ik then Ay>m has 
exactly /cn eigenvalues below A. □ 

Now we prove that approximating eigenf unctions converge to eigenf unctions 
of the full problem and that multiplicity is conserved as n — > oo, i.e., as the 
number of copies of period cells increases. Here and later on we suppress the 
Dirichlet label at the approximating problem, e.g. we write A M n instead of A^ f „ 
until stated otherwise. 

The idea of the next theorem is from ||DH|| , |[ADH]1 or ||AADH|1 : 



Theorem 4.3. Suppose that the gap condition ( |1.1| ) is satisfied, i.e., Ik is a spec- 
tral gap of the periodic Laplacian Am for some fceN. Suppose further that the 
family (g T ) satisfies Conditions ( |1.2| ), ( |1.3| ) and ( |1.4j ) or, if DM is smooth, ( |1.4'|) . 



Let r n — > r, A n> j — > A G Ik for all i = Furthermore, suppose that 

<£> n l , . . . , (p n j G L 2 (M" n ) are orthonormal for all n G N and that 

Am^PuJ — \i,i<Pn,i- (4.2) 



Then for every % there exists a subsequence of ((p n ,i)n also denoted by {^ n ,i)n 
converging weakly to <p 0) i G domA^ in 7i 1 (A^ T ) and strongly in L 2t i oc (M T ) . 
Furthermore, 

Am^o,! = Ay? ,i (4.3) 
and ipo,i, • • • , Xo,j are linearly independent. 

Proof. Let i G {1, . . .j}. From Corollary |3]9] it follows that {(p n ,i)n is bounded 
in H}(M). Therefore we can extract a subsequence also denoted by ((p n ,i)n 
converging weakly in H}(M) to an element (fo,i. This subsequence also converges 
strongly in Z^iocOM) by the Rellich-Kondrachov compactness Theorem. In virtue 
of Lemma |3.8| and Corollary [T9] it is a straightforward calculation to show that 
<£>o,j is in the domain of A Mt and that the eigenvalue equation ( |4.3j ) is satisfied. 

The main difficulty is to prove that (p 0ji are linearly independent. Suppose that 
there exist ax, . . . , not all equal to 0, such that u n := a, ip n ^ converges to 
Y^i a i V^cm — in L 2t i oc (Ai T ). By Lemma the interval Ik is a spectral gap for 
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all operators A^ n , n G N. In virtue of the spectral theorem and Estimate ( 3.10Q 
we have 

-2 



||(A M n - X)u n \\ 2 Mn > cl\\u n \\ 2 Mn >-J2 N 2 > ( 4 - 4 ) 
for all n G N where cq := dist(A, R \ Ik)- On the other side we have 

||(Ajyn — A)m„||m™ < || / J(Am" — A n> j)ai <^ n ,i||M n + | a i| * |A n> j — A| ■ ||</? n ,i||M n - 

i i 

The last sum converges to since || w«IU^ n < C5. The first norm can be split into 
an integral over M m and R m,n . 

The integral over M m can be estimated by 



I ^M nU n\\M m + ^ A, 



Furthermore, Inequality ( |3.6| ) yields the estimate 

IIA^'UnllM™ < C4C5 ( ||M n || M ™+ + II^M« t 'W n || M m+) 

< C4C5 ((1 + 2jA w ,j))|| 



for all n > m + . In the last estimate we have used Equation ([4.2p . Note that the 
last term converges to since u n — > in Z^.iocCM)- 

If the perturbation is contained in M m we have a contradiction to ( |4.4|) . Oth- 
erwise we still have to estimate the integral over R m,n . Here, we need the smooth- 
ness assumption on dM to be able to use ( |3.7|) . Together with (|4.2|) we obtain 

||(Ajifn — /S.M^ n )u n \\R m ' n < (||w n ||M« + || AM™ n Mn|| A/' 1 ) 

< 5»c 5 (2^|ai| 2 ) 2 (l + maxA nji ) 



tending to as m — > 00. Again, we have a contradiction to (4.4|). □ 



The next result allows us to estimate the eigenvalue counting functions for 
different parameters r and fixed A by the eigenvalue counting function for a 
fixed t and an interval containing A (see |[HB|| ) . We need this lemma since we 
do not know whether eigenfunctions corresponding to different parameters r are 
orthogonal. We do not even know that they are different! But since we want 
to show that the multiplicity of eigenvalues is conserved as n — > 00 we need 
the linear independence of the approximating eigenfunctions (see the proof of 



Theorem 4.5). 



Lemma 4.4. For all tq > there exists a monotonical increasing function 
r](8) — > as 5 — > such that 

I dim D x (M n T+s ) - dim°(M?_ a )| < dimf x _ v{6)jX+v{6)] (M n T ) 
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for all A > ; 5 > and all r + 5 < r . 

Proof. Since every eigenvalue branch A^(M^) is continuous by Corollary |3. 10 



there exists a parameter r' £ [r — <5, r + 5] such that A = A°(M") by the inter- 
mediate value theorem. Corollary |3.10| yields 

| A - Xf(M n T )\ = |A?(M" ) - A»(M?)| < I7(|t - r'|) < t?(5), 

i.e., Am™ has an eigenvalue in [A — T)(6), A + r)(5)]. □ 



Now we give a lower bound on the eigenvalue counting function following [|HB 
Theorem 4.5. If X £ Ik lies in a spectral gap then 

M(t, A) > limsup|dim°(M") - dim°(M n )|. (4.5) 

for all t > 0. 
Proof. Denote by 

T n := T n (A) := { r' £ [0, r ] | A £ spec A M ? }, 

the set of parameters r' that produce an eigenvalue A. Let be the set of 
limit points, i.e., f £ if and only if f £ [0,r ] and if there exist sequences 
{n m ) m C N and r' m £ T„ m such that -> f. 

We have to distinguish two cases. If the cardinality of is greater or equal 



to N\, the right hand side of ( |4.5| ), then we apply Theorem [4.3| with fixed eigen- 
value A = A n i and with multiplicity j = 1 for each limit point f £ T^. As a 
consequence, there are at least cardT^ parameters f such that A is an eigenvalue 
of Ajvf(f). This proves (p~5|). 

If card Too < N\ then T^ consists of a finite number of points Ti,. . . ,f q , and 
T n — > {fx, . . . , f 9 }. Furthermore, there exists a sequence 5 n — > such that 

T n C [J (f p - <5 n , fp + S n ) =: f n 
p=i 

for all n £ N. If n is large enough, all these intervals are mutually disjoint. As a 
consequence, d\ tn {f) : = dim^(M") is constant on each component of [0, r] \ T n . 
Therefore 

g 

\d\, n (r) - d x <n(0)\ < ^2\d\,n{% - 8 n) ~ d\, n {f p + 8 n )\. 
p=l 



By Lemma fL4| there exist rj(5) — > as 5 — > such that 



<? 

|dA,n(r) - dA,n(0)| < 5^ J P ,n where j p , n := dim^ (5n) A+ ^ n)] (M? ). 
P =i 

By passing to a subsequence we can assume that |rf A n (r) — c/ An (0)| — ► iV A . We 
have even equality if n is large enough since the sequence consists of integers. Now 
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we select another subsequence (n m ) m such that j p := j Pt n m G N is independent of 
m. This is possible by choosing a convergent subsequence. Therefore, for each 
m 6 I, we have j p orthonormal eigenfunctions <p mi i, ■ ■ ■ , ^Pm,j p of the Laplacian 
on M"™ with eigenvalues X m> i — > A as m — > oo. Hence we can apply Theorem [4.3| 
with fixed parameter f p and conclude that the limit problem A^ T has A as 
eigenvalue of multiplicity j p . This proves the theorem since A hat multiplicity at 
least EJ=iJ'p > ^A- n 

Finally we want a lower bound on the eigenvalue counting function in terms of 
M m and not in terms of M n 

Lemma 4.6. For m sufficiently large we have 

dim°(M") - dim A (M n ) > dim°(M^) - dim°(M m ) (4.6) 
dim°(M n ) - dim° {M n T ) > dim^(M m ) - dim^M™) (4.7) 

for all t > and n > m. 



Proof. From Lemma |4.2| we know that dimA(M n ) = kn and dimA(-R m ' n ) = k(n — 
m) if A G Ifc independently of the boundary conditions. Furthermore, from 



Lemma |3.11| we obtain 

dim A (R™' n ) = dim A (R m ' n ) , n > m, r > 
if m is large enough. Furthermore, the Dirichlet-Neumann bracketing ( |2.3| ) yields 

dim°(M^) -dim A (M n ) 

> dim A (M™) + dim^(iC' n ) - (dim^M" 1 ) + dim A 4D ( J R m '")) 

= dim^M™) - km. 

where dim A D (i? m,?1 ) denotes the eigenvalue counting function of the Laplacian 
with Dirichlet boundary condition on dM n and Neumann boundary condition on 
Qpm,n y Qjtfn Estimate ( f4.7| ) can be shown similarly. □ 



To summarize: Theorem |4.1] ensures that a given spectral gap in the essential 
spectrum of the periodic manifold remains invariant under local perturbations. 
Therefore, J\f(r, A) indeed counts the discrete eigenvalues in the gap. Theorem [O] 
shows that eigenfunctions of the approximating problem converge to eigenfunc- 
tions of the full (perturbed) problem and that multiplicity is conserved. Theo- 



rem 4.5 follows and with the aid of Lemma [4.6| we get rid of the approximating 



index n in Estimate ( |4.5|) . Thus we have proven our main result Theorem \L.1[ 

5. Manifolds with spectral gaps 

For the convenience of the reader, we cite the results on examples of manifolds 
with spectral gaps given in ||P2|| and [M . More details and further references can 
be found therein. 
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Conformal periodic manifolds. Let M. be a T-periodic manifold of dimension 
d with periodic metric g. Furthermore, suppose that (p £ ), e > 0, is a family of 
smooth periodic functions p £ : M. — > (0, oo), i.e., p e (7x) = p e (x) for all 7 G T 
and 1 G M. We denote by M. £ the manifold .M with metric g £ := p^!g. Similarly 
we define M £ for a period cell M. We have the following theorem: 

Theorem 5.1. Suppose d > 3 and that p £ converges pointwise on M to the in- 

o 

dicator function of a closed set X C M with smooth boundary. Then for each 
k G N, the k-th eigenvalue Xk(M £ ) with Dirichlet, Neumann or 9 -periodic bound- 
ary condition converge to X^(X) as e — > (uniformly in 6). In particular, for all 
n G N there exists e > st/c/i that M = M £ satisfies the gap condition /or 
fc = 1, . . . , n (provided Aj^(X) is a simple eigenvalue) . 

The precise assumptions on p £ and X resp. M and the proof of this theorem in 
the ^-periodic case can be found in [PjJ resp. [|P2| , Theorem 1.3]. There we also 



have presented an example for d = 2. The proofs for the Dirichlet resp. Neumann 
case are similar. 

Attaching small cylindrical ends. Let X be a compact Riemannian manifold 
of dimension d > 2 with metric g. Let x±,X2 G X be two distinct points. On 
X \ {xi, X2} we change the metric such that a cylinder of radius e and length e/2 
is isometrically embedded at each point x,. Here, a cylinder is a product of the 
(d — l)-dimensional unit sphere § d_1 and an interval. We denote the (completion 
of the) resulting manifold by M £ . Note that dM £ has two additional components 
d\M £ and d2M £ each of them being isometric to S d_1 . A typical example of a 
period cell in the case when X is a 2-dimensional torus is drawn in Figure || on 
page |25|. 

For 7 G Z let jM £ be a copy of M £ . Identifying d2 , yM £ with ^1(7 + l)M e 
pointwise we obtain a Z-periodic manifold M. £ with period cell M £ . Similarly we 
can construct T-periodic manifolds by attaching 2r cylindrical ends if r denotes 



the number of generators of Y. For a detailed construction we refer to |P2|. 

Note that the period cell M £ always has smooth boundary dM, i.e., we can 
allow non-compact perturbations in the next sections. 

Intuitively, the period cell M £ is close to the original manifold X if e is small. 
The next theorem shows that the same is true for the eigenvalues: 

Theorem 5.2. Assume that the periodic manifold M. £ and the period cell M £ 
are constructed as above. Then for each k G N, the k-th eigenvalue Xk(M £ ) 
with Dirichlet, Neumann or 6 -periodic boundary condition converge to Xk{X) as 
e — > (uniformly in 8). In particular, for all n G N there exists e > such that 
M = M £ satisfies the gap condition for k = 1, . . . ,n (provided \k(X) is a 
simple eigenvalue). 

Again, the proof of this theorem and related results can be found in ||P2| , 
Theorem 1.1]. Note that in Theorem |5.1| as well as in Theorem |0| the decoupling 
of the different period cells ^M £ is responsible for the gaps. 
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Periodically curved quantum wave guides. Here, we present an example 
given by Yoshitomi 0. We consider a 2- dimensional planar strip hA e obtained 
by sliding the normal segment of length e along a periodically curved path uj. Note 
that the Dirichlet Laplacian on M £ is the Hamiltonian for an electron confined in 
a quantum wire on a planar substrate, where the vertical dimension is separated 
(cf. |ES|). 



Suppose Eq > 0. Let k: R — > (— 1/eq, oo) be a smooth and 27r-periodic map 
(i.e., k(s + 2vr) = «(s) for all s£l). Then 

u(s) := (x cos (s),x sin (s)) with x f (s) := / /(- / K(s")ds"Jds' 



'0 x JO 

for / = cos or / = sin is a curve in M 2 with curvature k. We denote by & (s) : = 
( — i s in( s ))^cos( s )) the normal unit vector with respect to u(s). We set 

Me := {u{s) + uu L (s) \s Gl,fl < <e} (5.1) 

and suppose that 

$ eo : R x [0, £ ] — > A^ e , (s, u) i — > w(s) + u u\s) 

is a diffeomorphism (for the precise assumptions see 0). This diffeomorphism 
allows us to calculate the Dirichlet Laplacian on Ai £ , < e < 6q, in coordinates 
(s,u). We furthermore assume that J Q 27r k(s) ds = 0. Then to is also 27r-periodic 
and Ai £ is indeed a Z-periodic manifold with a period cell M e given by $ e ([0, e] x 
[0,2vr]). We set 

d 2 1 
K - d, 2 A K - 

In L2QO, 27r]) we regard the ^-periodic realisation of K and denote the corre- 
sponding eigenvalues by \ k (K). Yoshitomi proved that for all k EN, 

Xl(M £ ) = ^ + X 9 k (K) + 0(e), e^0 (5.2) 

uniformly in 6, where \ 6 k (M £ ) denotes the eigenvalues of the Laplacian on M e 
with Dirichlet boundary condition at u = and u = e, and ^-periodic boundary 
condition at s = and s = 2tt. A similar identity holds for Dirichlet resp. 
Neumann boundary condition at s = and s = 2n simultaneously for A^ e and 
K. 

Furthermore, Yoshitomi proved that if k 7^ there exists k E N such that 
the fc-th band and the {k + l)-st band of are disjoint. He uses classical 
results about the inverse problem for Hill's equation (cf. [|GaTr|| ) to show that the 
periodic one-dimensional operator K in L 2 (M) has a gap between the fc-th and 
the (k + l)-st band. In our paper, we need the stronger assumption ( |1 . 1| ) asserted 
by the following theorem: 
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Theorem 5.3. Assume in addition that the curvature k is even, i.e., k(— s) = 
k(s). Then for all k 6 N the k-th band Bk(K) of the periodic operator K in 
L 2 (R) is given by 

B k (K) = [\»(K),\»(K)\. (5.3) 

Here X^(K) resp. X^(K) denotes the operator K in L2QO, 27r]) with Dirichlet 
resp. Neumann boundary conditions. In particular if k 7^ there exists k 6 N 
such that the gap condition (|1.1|) is satisfied for the Dirichlet Laplacian on M. £ 
provided e is small enough. 



Proof. Since k is even, K has an even potential. In particular, ( |5.3| ) holds iff the 
potential is even (cf. [|GaTr | ) . The rest follows from jY|. □ 



Yoshitomi also localized the gaps: he proved that the k-th. gap of K is open if 
the /c-th Fourier coefficient of k 2 is not 0. 

6. Examples of perturbations 

In this section we discuss some examples of the great variety of possible per- 
turbations. The only restriction is the knowledge of eigenvalue estimates of the 
perturbed and unperturbed problem to calculate the right hand sides of ( |1.6|) 
and ( |1.7| ). Here, we always assume that M. is a periodic manifold with periodic 
metric g and period cell M such that the gap condition ( |1.1|) is fulfilled. 



By the Weyl asymptotic distribution of eigenvalues ( |1.8|) and by ( |1.9|) we expect 
that an infinite number of eigenvalue branches comes from above crossing the level 
A if we increase the volume of to infinity. Therefore, we expect an infinite 



number of parameters r, such that A is an eigenvalue of Am t by Theorem |TTT . 

In contrast, if we shrink the volume of M™, we would expect only a finite 
number of eigenvalues (depending on the volume of M m ). Here, we think of 
finitely many eigenvalue branches crossing the level A from below. 

Conformal perturbations. First, we give examples of conformal perturab- 
tions. Suppose that p T : M. — ► (0, 00), r > 0, is a family of smooth functions. 
The perturbed metric is given by g T = p\g. Clearly, if the family (p T ) satisfies 

p {x) = 1, x E M (6.1) 

|| p T — p T0 \\ci ^0 on M. as r — > r , (6.2) 

p T (x) = 1, x G R m (6.3) 



for all t > and sufficiently large m e N then (g T ) satisfies Conditions (|1.2|), ( |1.3| ) 
and ( |1.4| ). Here, the C 1 -norm of functions is defined in the usual way. Further- 
more, if dM is smooth we can also allow non-compact conformal perturbations 
which are small outside M m , i.e., 

sup \\p T — l\\ c i ^0 on R m as m — » 00. (6-3') 

T>0 
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If there is a non-compact perturbation we fix m large enough such that Equa- 
tion ( |1.6| ) resp. ( |1.7| ) holds. 

Furthermore, we assume that the conformal factor is constant on some compact 
submanifold K C M m with non-empty interior and piecewise smooth boundary, 
i.e., 

p T (x) — c T , x G K (6.4) 

where c T > is a constant. Again, K T denotes the manifold K with metric 
Pig = 4g. 

Eigenvalues coming from above. In our first example we blow up a subset of M m 
by conformal factors: 

Proposition. Suppose that A G Ik lies between the k-th and the (k + l)-st band 
and that c T — > oo as r — > oo. Then 

N{t, A) > -^y d \i vol(tf T ) -km- 5{t) 

where 5(t) \ as r —>■ oo. In particular, J\f(r, A) — > oo as r — ► oo, i.e., inere 
exist an infinite number of parameters r such that A zs an eigenvalue of Aj^ t . 

Proof. Applying the Min-max principle we conclude 

A°(M T m ) < Xf(K T ) = c; 2 Xf(K) - 

as r — > oo since A^(X) > for all j G N. Therefore all eigenvalue branches 
t i — > A^(M™), j G N, cross the level A from above (at least once). Furthermore, 
there exists a positive function S(r) — > as r — > oo such that 

dim A (ilC) > dim A (^ T ) = dim§ A (J0 > (^p^vol(K) - 5(r) 



by the Weyl asymptotic distribution ( |1.8| ). The result follows from Theorem |TT 



and Lemma |4. 2| . □ 
Eigenvalues coming from below. Next we shrink the manifold M m on K: 
Proposition. Suppose that A G and taat c T — > as r — > oo. Tnen we aave 

JV(t, A) > Aim - 1 

/or r sufficiently large. In particular, there exist at least a finite number of pa- 
rameters t such that A is an eigenvalue of A_m t . 

Proof. The Min-max principle yields 



Af(M-) > \f(K T ) = c- 2 \^{K) -> oo 

N/ 



as r — ► oo for all j G N, except for the first Neumann eigenvalue X^(K) = 0. 
Therefore the eigenvalue branches r i— > A^(M™), j G N \ {1} with A^(M™) < A, 
cross the level A from below (at least once). Lemma [L2] yields that there are 



exactly km — 1 such eigenvalue branches. Again we apply Theorem 1.1. □ 
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Remark 6.1. If d = 2 one has monotonically decreasing (increasing) eigenvalue 
branches r i— > A^(M™) if the conformal factor p T is monotonically increasing 
(decreasing). Here, the conformal factor only occurs in the norm, not in the 
quadratic form. The monotonicity follows from the Min-max principle. This 
monotonicity can be a first step in the proof of an upper bound on the counting 
function Af(r, A) (see the introduction). 

Finally, let us note the following theorem combining results of this section and 
of |F2j (cf. Theorem |53): 

Theorem 6.2. Let A4 be a periodic Riemannian manifold of dimension d > 3 
with metric g. For any n G N there exists a periodic metric g n conformal to g such 
that the corresponding Laplacian has at least n spectral gaps. Furthermore, there 
exist (non-periodic) metrics on M. conformal to g such that the corresponding 
Laplacian has an eigenvalue in a gap of the essential spectrum. 

Diffeomorphic perturbations. 

Eigenvalues from above. Here, we show how perturbations M. T diffeomorphic to 
M. can be reduced to the case already treated. We think of M. r as being a smooth 
deformation of M.. For example, consider a quantum wave guide M. = M. £ as 
defined in (|5.1| ). We assume that the gap condition ( |1 . 1|) holds for some fixed 
e > 0. Let the perturbation of M. be given by cutting the strip at s = and 
inserting a "bubble" K T which blows up as r increases. 

To be more precise, suppose that K T is a simply connected closed subset of M 2 
such that K T 

• is a rectangle of length r and width e for small r, in particular, Kq has 
empty interior; 

• contains a circle of radius r or, alternatively, a rectangle of length r and 
width e for all r large enough; 

• has two ends A Tj i and A T) 2, each of them being isometric to a rectangle of 
width e; 

• depends continuously on r, i.e., the two boundary curves of dK T \(A T iUA T 2 ) 
are smooth and depend continuously on r and the curve parameter. 




Figure 1. A quantum wave guide perturbed by inserting an in- 
creasing bubble. 



We denote the intersected quantum wave guide together with the inserted bubble 
by M. r (see Figure [I]). Note that there exists a diffeomorphism $ r : M. — ► M. T 
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such that $ T (x) = x outside a compact set (with the obvious identification of the 
two ends of the unperturbed and perturbed quantum wave guide). 

The Euclidean metric g on M. T is pulled back on M. via <3> r , i.e., g T := 
Note that (t,x) h- > g T {x) resp. (r,x) i— »■ dig T (x) are uniformly continuous maps 
on [0, r ] x for all t > since g T = g outside a compact set and since g 
is periodic, thus uniformly continuous. Therefore, it is easy to check that the 
Assumptions ( |1.2| ) to ( |1.4| ) are satisfied. 

Proposition. Suppose that A 6 4 and that M. T is the perturbed manifold A4 
obtained by the above construction. Then we have jV(t, A) — > oo as t — > oo. 

Proof. The proof is similar to the proof of Proposition [| Note that in the case 
of an inserted rectangle of length r, we have Aj?(A r ) < (7t/c) 2 /t 2 for all t > to 
where To depends on k. □ 

Remark 6.3. Note that the eigenvalue branches t > X^(K T ) are monotonically 
decreasing by the Min-max principle at least in the case when K T is isometric to 
a rectangle of length t and width e. This monotonicity can be a first step in the 
proof of an upper bound on the counting function J\f(r, A) (see the introduction). 

7. Topological perturbations 

Eigenvalues from below. In this final section we show how to deal with certain 
non-homeomorphic perturbations. We allow more general examples of perturbed 
Riemannian manifolds Ai T diffeomorphic to M. := Ai \ H where H consists of 
discrete points. We think of Ai T being a smooth deformation of M.. Note that 
the substraction of a discrete set of points has no influence on the Laplacian as 
a self-adjoint operator as we will see now. 

Suppose that A is a complete Riemannian manifold of dimension d > 2. Let 
H C X\ dX be a discrete set of points. On X := X \ H we define the Laplacian 
with Dirichlet resp. Neumann boundary condition on dX as in Section |^. At H we 
always assume a Dirichlet boundary condition, i.e., we start from the quadratic 
form qx defined for smooth functions with support away from H. Note that the 
Hilbert spaces L2PO an d £2 (A) agree since H has measure 0. Furthermore, the 
substraction of a discrete set of points H has no effects on the Laplacian either 
(with any boundary condition): 

Theorem 7.1. Suppose thatdX = 0. For every function u £ domgx there exists 
a sequence (u n ) of smooth functions u n £ domgx with support away from H such 
that u n — > u in the form norm {\\u\\ x + qx{u))z . In particular, domg^ — domg^ 
and therefore, the corresponding operators agree as operators in /^(A). 

IfdX 7^ the same is true for the quadratic form with Dirichlet resp. Neumann 
(or any other) boundary condition on dX . Again, the corresponding Laplacians 
on the dotted and undotted manifolds agree. 
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Proof. For a single point see ||CF| , Lemma 1]. Clearly we can generalise this result 



to a discrete set of points H. Since we have defined the Laplacian via quadratic 
forms the equality of the operators follows. □ 

We consider the following example: suppose that we bore a hole around each 
point of H in the periodic manifold M.. For simplicity, we assume that H consists 
of m points 7x0 where 7 G T m (recall that T m is an exhausting sequence of V 
as defined in the beginning) and x G M with dist(x ,<9M) < e /2. Here, M 
denotes a fixed period cell of M. for which the gap condition ( |1.1|) holds and 
sq > is the injectivity radius of A4, i.e., the exponential map is defined on all 
balls of radius smaller than Eq. 

To define properly the smooth dependence of the boundary on the parameter r, 
we need the following construction: let / : M. — ► [0, 00] be a continuous map. We 
think of / quantifying the level of perturbation: f(x) = resp. f(x) = 00 means 
that x G M. is always resp. never affected by the perturbation. In particular, we 
assume 

• that f(x) = dist(x, 7x0) for all x G 7M such that dist(x, 7x0) < £q/2, in 
particular /(7X0) = for all 7 G T m ; 

• that /(x) = 00 for all x G R m = (T \ T m )M and all x G T m dM, i.e., the 
union of all translates 7<9M, 7 G T" 1 ; 

• that / is smooth on { x G M. \ < f(x) < 00 } and that all r G (0, 00) are 
regular values of /, i.e., if f(x) = t then df x 7^ 0; 

• that Z := {x G M m = T m M \ f(x) = 00 } is the finite union of compact 
smooth submanifolds Zi of dimension dj < d with piecewise smooth bound- 
ary such that Zi n Zj is either empty or of dimension smaller than di and dj 
(cf. Figure H); 

• that { x G M m I f(x) > t } is contained in the 1/r- neighbourhood of Z, i.e., 
dist(x, Z)<1/t for all x G M m with /(x) > r. 

Let 

:= { (r, x) G [0, 00) x M \ f(x) > r } resp. 
Y := { (r, x) G [0, 00) x M | /(x) = r } 

be the fibred manifold with fibres 

M T := { x G M I /(x) > r } resp. 
r T :={xGA^|/(x)=r}. 

We consider these manifolds as submanifolds of the product of the Riemannian 
manifolds [0, 00) and M. (with the induced metrics). Note that M. \ M. T is a 
manifold diffemorphic to m copies of a closed ball in M d with smooth boundary Y T 
diffeomorphic to m copies of the sphere S d_1 provided < r < 00. Furthermore, 
note that Y consists of m cones. In a neighbourhood of (each component of) Y 
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Figure 2. A period cell with the dotted set Z and its smooth 
components Zj. On the right hand side one has to identify opposite 
sides of the square. Note that the complement of Z in the period 
cell is always homeomorphic to an open ball in M. d . The (light and 
dark) grey set is the perturbed manifold for small r > 0, the dark 
grey set is the perturbed manifold for large r. 

we introduce normal (or Fermi) coordinates given by a chart if. U — > V where 
U = { (r, x) G M | < dist(x, Y) < r (r) } 



(see e.g. [ pp| , p. 9-59 - 9-62]). Here, the function r is supposed to be smooth. 
Then the image of the chart is given by 

V = { (s, t, y) e (0, oo) x [0, oo) x Y \ s < r (r) }. 

In particular, for fixed r we have a chart ip T : U T — > V T for the corresponding 
fibres. 

Note that M. is diffeomorphic to [0, oo) x Ai. We construct the diffeomorphism 
explicitly. Let 

r: [0, oo) x [0, oo) — > [0, oo) 
be a continuous map (smooth on the interior) with bounded derivatives such that 

r T := r(r, •) : [0, oo) — > [r, oo) 

is bijective and 

r T (0) = r and r T (s) = s, s>r (r)/2. 

Then 

$ : [0, oo) x M — ► M, $(t, x) := (p~ 1 (r T (s), r, y) 

with (s,y) := <f T (x) is a diffeomorphism. Clearly, the corresponding maps on the 
fibres $ T : M. — > M. T are also diffeomorphisms. For a technical reason we do 
not use M. but 

M := { x E M | dist(x, H) > e /2 } 
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as a reference manifold. Note that there exists a diffeomorphism 

V>: M — >M. 

Therefore, Ai is also diffeomorphic to each fibre Ai T of Ai. The technical reason 



is that we need an analogue to Theorem 3.5 where we have used regularity theory. 



On Ai we would have coefficients which cannot be continuously extended onto 
H . Blowing up the holes and pulling back the metrics avoids this difficulty 
Therefore, we have a diffeomorphism 

* : [0, oo) x M — > At, *(r, x) := (r, $ T (^(x))). 

There is a natural metric on Ai, namely h := dr 2 + g where g is the (restriction 
of the) periodic metric on Ai. Let h :— ^f*h be the pull-back of the metric h. 
Note that h (and its derivatives) are uniformly continuous maps on [0, r ] x 
Ai. Therefore, the restriction g T of h onto the fibre At satisfies the continuity 
property ( |1.3j ). Furthermore, Condition ( |L4| ) is fulfilled. 

Finally, replacing Ai by Ai and T'M by T'M H Ai with metric ?/>*g one can 
verify that all our results of Sections |3| and [| remain true in virtue of Theorem |7TT . 

Therefore, we have the following result: 

Proposition. Suppose that A G 4. Let (Ai T ) be the family of manifolds con- 
structed above by removing closed sets from M m . Then we have M{r, A) > km for 
t sufficiently large. Here, jV(t, A) denotes the counting function for the manifold 
Ai T defined as in ( |1.5|) . In particular, there exist a finite number of parameters 
t such that A is an eigenvalue of Aj^ . 

Proof. The proof is the same as the proof of Proposition |6|. Set M™ := Ai T \~\M m . 
We need the fact that \f(M?) -> oo as r -»• oo for all j'eN when vol(M™) -> 
as t — >• oo. This will be shown in the next lemma. □ 



Remark 7.2. Note that we have imposed Neumann boundary condition only at 
the r-independent component dM m = dM™ and Dirichlet boundary condition 
at Y T . If there was only Neumann boundary condition the first eigenvalue would 
be 0. 

Remark 7.3. In this example, the eigenvalue branches r i— > A^(M^) are mono- 
tonically increasing due to the Min-max principle. This monotonicity can be a 
first step in the proof of an upper bound on the counting function jV(t, A) (see 
the introduction). 

In the next lemma we show that the eigenvalues grow up to infinity when 
shrinking the volume of a manifold to 0. 

Lemma 7.4. Suppose that K is a d-dimensional manifold with piecewise smooth 
boundary dK. Denote by (K T ) a family of d-dimensional closed submanifolds of 
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K such that vol K T — > as r — > oo and swc/j i/iai 9i^ r depends smoothly on r 
(defined in the same way as before). Furthermore, assume that dK T consists of 
two disjoint components Y T and dK where Y T is smooth. Besides, suppose that 

K T c{xeK \ dist(rr, Z) < - } := N T 

T 

for t large. Here, we assume that Z is the finite union of compact smooth subman- 
ifolds Zi of dimension di < d with piecewise smooth boundary such that Zi D Zj 
is either empty or of dimension smaller than di and dj (cf. Figure W. Finally, 
suppose that dK C Z. Then X k ' (K T ) — > oo as r — > oo for all k e N where 
we have imposed Dirichlet boundary conditions on Y T and Neumann boundary 
condition on dK. 

Proof. We define the following isoperimetric (or Cheeger's) constant 

, ( vo\ d ^(dn T \dK) 

kdK ^ '= t vol d (^) 

where Q T ranges over all open subsets of K T such that dfl T \ dK is smooth 
and dQ T fl Y T = 0. The subscript dK indicates the subset of dK T where we 
have imposed Neumann boundary conditions. When measuring the surface we 
exclude the Neumann boundary part dK. If there were no Dirichlet boundary 
condition (i.e., dK T = dK) we could choose fl T = K T . Therefore, dQ T \ dK = 0, 
i.e., h dK (K T ) = 0. 

In the same way as in ||C1| , Chapter IV] we can prove the following estimate 
originally due to Cheeger: 

A?' N (^) > \h dK {K T f. 

It remains to show that hgx{K T ) — > oo as r — » oo. To this end let Q T be one of 
the sets taken in the definition of hgK{K T ). Since the set Z is the finite union of 
smooth submanifolds Zi we decompose the (subset of a) tubular neighbourhood 
N T of Z into a finite number of disjoint open sets N Tt i such that Zi = N Tt i fl Z 
and such that A^ r \ |J i N Tti has d-dimensional volume 0. If di — d — 1 the set N Tti 
could lie on both sides of Zi (cf. Figure ^). In this case we decompose N Tji into 
its two components of N T>i \ Zi (again denoted by N Tji ). 

We set A T> i := (dVl T fl iV rii ) and VL Tyi := Vl T fl N Tyi . With regard to the next 
lemma, we have 

VoLj„i((9fi r \ dK) > ^VOl d _i(A Ti i) > v °ld (fir.i) = CTVol (i (fi r ) 

i i 

and we are done. □ 

We still need the following final technical lemma which roughly says that the 
"local" isoperimetric constant in a small strip tends to infinity when the width 
of the strip tends to 0. 
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Figure 3. The decomposition of the tubular neighbourhood of Z. 
Again, we have to identify opposite sides of the square. Here, K 
is the torus with two open balls cut out, K T is marked in dark 
grey and the tubular neighbourhood N T of radius 1/r is marked in 
light and dark grey. Note that near Zi, we have to decompose the 
tubular neighbourhood once more into two sets. 

Lemma 7.5. With the notation from above we have 

VOl d _i(A Tii ) > CTV0\ d (tt Tii ) 

where the constant c only depends on the metric near Z . 

Proof. Since Z t is a smooth submanifold of K we can introduce normal coordi- 
nates [y, z) on the tubular neighbourhood N Tji of provided r is large enough, 
i.e., N T ^ is diffeomorphic to B T x [Zi \ dZi) where B T := { y E R. d ~ di \ \y\ < 1/r} 
(resp. B T := (0, 1/r) if di — d — 1), see e.g. HSp| , p. 9-59 - 9-62]. Since Zi is 
compact and since the metric on N T ^ depends continuously on the coordinates 
and smoothly on r it suffices to prove the assertion in the case when the metric 
(in normal coordinates) has product structure dy 2 + h where h is the metric on 
Zi. 

Denote by P Tyi the image of A Tti under the orthogonal projection onto Z^. If 
we parametrize the smooth submanifold A T)i we can show that 

voWA^) > c'r-^-^voL^) 

where the constant d depends only on the metric h. Finally, 

yol d (Q T ,) < V0\ d (N Tti ) < C" T-^UohXPr.) 

where c" depends only on d — d^. Therefore we have finished our proof. □ 
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